A SEPARABLY CLOSED RING WITH NONZERO TORSION PIC ANDY R. MAGID
We give an example of a ring and a rank one projective module over that ring such that the square of the module is free but the module does not become free over any separable extension of the ring.
Every ideal class in the ring of integers in a number field can be split by an unramified extension. Over a commutative ring which is an algebra over the rationale every torsion element of Pic of the ring is split by a separable extension [3] . These examples suggest the question: is the torsion part of Pic of a separably closed ring trivial? We will exhibit a ring which shows the answer is negative. The ring arises as a slight modification of an example of Swan [5] .
For any commutative ring k, k x denotes the group of units of k, Cl (k) denotes the divisor class group if k is a domain, and Qu(k) denotes the group of quadratic extensions of k. We use Z for the integers and Q for the rationale. DEFINITION 
We remark that (c) implies that Z/2Z(PY = {1} and (b) implies that Z(PY = {± 1}. PROPOSITION Proof. We may assume K is the complex numbers. Let T be a connected Galois extension of K[X, X" 1 ] and let E be the quotient field of T. Let M and P be the Riemann surfaces of E and respectively (P is just the Riemann sphere, of course). The inclusion of K(X) in E displays M as a local branched covering of P ramified only above 0 and oo. The branching order formula [3, Cor. 3, p. 225] shows that M has genus zero and only one branch point over each of 0 and °o. It follows that the covering map is the n th power map, where n =
[T: K[X, X~1]] and hence that T = K[X, X~ι]( VX).
Then the Galois group of T is cyclic of order n. PROPOSITION 
Every connected Galois extension of Z(P ι ) is cyclic.
Proof. Let K be the algebraic closure of Q and R the ring of all algebraic integers. Let T be a connected Galois extension of Proof. It will suffice to prove the theorem for connected Galois extensions; let T be such an extension with group G. If T splits L(Z) then by Lemma 3 Pic^P 1 )) = H ι {G, T x ). It follows that G has even order. Since by Proposition 5 G is cyclic, it will suffice to show that Z{P ι ) has no connected quadratic extensions. Since for any normal domain k with quotient field L the map
). To compute this latter group, we use the exact sequence of [1, p. 129 ] valid for any ring k containing 1/2:
where the first map sends a to k[X]/(X 2 -α), the second sends T to Tfk and the fourth group in the sequence is the two-torsion part of Pic. Let T be a quadratic extension of Z(P ι ) and let I = T/Z(P ι ). Let and therefore T must be the trivial extension. To treat the case / = L(Z) we use the following exact sequence, which is part of a sequence due to Small [6] : for any ring k ,
where the middle group is those two-torsion elements of Pic (k) which become free over kβk and the end group is (k/4k) x modulo the subgroup generated by the squares and the image of k We conclude with some remarks: one can define k{P n ) and k(S n ) in a similar manner for n larger than 1. The arguments given here can be extended to cover these rings, except for Lemma 4. Presumably the analogue of Theorem 6 remains valid, however.
